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Three analytic benchmarks in COG

Analytic benchmarks are valuable tools to test the algorithms in Monte Carlo
codes not related to geometry or interaction data. COG [1,2,3] was used to
calculate three analytic benchmarks: Kobayashi’s benchmarks for simple
geometries and void regions [4]; Shmakov’s benchmarks using the back-
and-forth approximation [5]; and Thomas et al’s critical problem for an
infinite cylinder [6].

1) The Kobayashi benchmarks

The Kobayashi [4] benchmarks are a set of three problems, each consisting
of three regions — source, void, and shield (void is actually shield with a
density multiplier of 0.001). Problem 1 is a shield with square void, Problem
2 is a shield with void duct, and Problem 3 is a shield with dog-leg void
duct. See reference [4] for the exact geometries. Fluxes were determined at
various points through out the geometry. The analytic results are obtained
for pure absorber shield. The Monte Carlo code COG was used to redo the
benchmark calculations.

Results for Problem 1 — shield with square void

X,Y,Z Analytic COG COG/Analytic

55,5 5.95659E+0 5.9537E+0 + 1.48E-2 0.99952 + 0.00250
5,15,5 1.37185E+0 1.3718E+0 + 6.74E-5 0.99996 + 0.00005
5,25,5 5.00871E-1 5.0086E-1 + 1.55E-5 0.99998 + 0.00003
5,35,5 2.52429E-1  2.5242E-1 £+ 6.66E-6 0.99996 + 0.00003
5,45,5 1.50260E-1 1.5026E-1 + 3.64E-6 1.00000 + 0.00002
5,55,5 5.95286E-2 5.9530E-2 + 1.36E-6 1.00002 + 0.00002
5,65,5 1.53283E-2 1.5328E-2 + 3.34E-7 0.99998 + 0.00002
5,75,5 4.17689E-3 4.1769E-3 + 8.85E-8 1.00000 = 0.00002
5,85,5 1.18533E-3 1.1854E-3 + 2.44E-8 1.00006 + 0.00002
5,95,5 3.46846E-4 3.4686E-4 + 7.01E-9 1.00004 + 0.00002

Table 1. The analytic and COG flux results for Problem 1A
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Figure 1. The results for Problem 1A as the ratio of the COG flux to analytic

X,Y,Z
5,5,5
15,15,15
25,25,25
35,35,35
45,45,45
55,55,55
65,65,65
75,75,75
85,85,85
95,95,95

Analytic
5.95659E+0
4.70754E-1
1.69968E-1
8.68334E-2
5.25132E-2
1.33378E-2
1.45867E-3
1.75364E-4
2.24607E-5
3.01032E-6

flux

COG
5.9537E+0 = 1.49E-2
4.7083E-1 + 5.84E-5
1.6998E-1 + 1.36E-5
8.6838E-2 + 6.05E-6
5.2515E-2 £ 3.41E-6
1.3338E-2 + 8.27E-7
1.4587E-3 + 8.83E-8
1.7537E-4 = 1.05E-8
2.2462E-5 £+ 1.34E-9
3.0105E-6 + 1.8E-10

COG/Analytic
0.99952 + 0.00250
1.00016 + 0.00012
1.00007 £+ 0.00008
1.00005 £+ 0.00007
1.00003 £+ 0.00007
1.00001 + 0.00006
1.00002 + 0.00006
1.00003 £+ 0.00006
1.00006 + 0.00006
1.00006 + 0.00006

Table 2. The analytic and COG flux results for Problem 1B
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Figure 2. The results for Problem 1B as the ratio of the COG flux to analytic
flux

X,Y,Z Analytic COG COG/Analytic
5,55,5 5.95290E-2 5.9530E-2 + 4.50E-6 1.00000 + 0.00008
15,55,5 5.50250E-2 5.5026E-2 + 4.09E-6 1.00000 + 0.00007
25,55,5 4.80750E-2 4.8077E-2 + 3.47E-6 1.00000 £ 0.00007
35,55,5 3.96770E-2 3.9677E-2 + 2.80E-6 1.00000 £ 0.00007
45,55,5 3.16370E-2 3.1637E-2 + 2.19E-6 1.00000 = 0.00007
55,55,5 2.35300E-2 2.3530E-2 + 1.59E-6 0.99999 + 0.00007
65,55,5 5.83720E-3 5.8372E-3 + 3.98E-7 1.00000 + 0.00007
75,55,5 1.56730E-3 1.5673E-3 £+ 1.06E-7 0.99999 + 0.00007
85,55,5 4.53110E-4 4.5311E-4 + 3.04E-8 0.99999 + 0.00007
95,55,5 1.37080E-4 1.3708E-4 + 9.10E-9 1.00000 + 0.00007

Table 3. The analytic and COG flux results for Problem 1C
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Figure 3. The results for Problem 1C as the ratio of the COG flux to analytic
flux

Results for Problem 2 — shield with void duct

X,Y,Z Analytic COG COG/Analytic

5,5,5 5.95659E+0 5.9510E+0 + 1.57E-2 0.99900 + 0.00263
5,15,5 1.37185E+0 1.3717E+0 %+ 2.24E-4 0.99989 + 0.00016
5,25,5 5.00871E-1 5.0088E-1 £ 5.11E-5 1.00002 + 0.00010
5,35,5 2.52429E-1 2.5244E-1 + 2.21E-5 1.00004 + 0.00009
5,45,5 1.50260E-1 1.5027E-1 + 1.21E-5 1.00007 £+ 0.00008
5,55,5 9.91726E-2 9.9176E-2 + 7.51E-6 1.00003 £+ 0.00008
5,65,5 7.01791E-2 7.0182E-2 + 5.10E-6 1.00004 + 0.00007
5,75,5 5.22062E-2 5.2208E-2 + 3.68E-6 1.00003 + 0.00007
5,85,5 4.03188E-2 4.0320E-2 + 2.77E-6 1.00003 £+ 0.00007
5,95,5 3.20574E-2 3.2059E-2 + 2.16E-6 1.00005 + 0.00007

Table 4. The analytic and COG flux results for Problem 2A
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Figure 4. The results for Problem 2A as the ratio of the COG flux to analytic
flux

X,Y,Z Analytic COG COG/Analytic
5,95,5 3.20574E-2 3.2058E-2 + 2.16E-6 1.00002 + 0.00007
15,95,5 1.70541E-3 1.7053E-3 + 2.27E-7 0.99994 + 0.00013
25,95,5 1.40557E-4 1.4055E-4 £ 2.09E-8 0.99995 + 0.00015
35,95,5 3.27058E-5 3.2704E-5 + 4.68E-9 0.99995 + 0.00014
45,95,5 1.08505E-5 1.0851E-5 + 1.44E-9 1.00000 + 0.00013
55,95,5 4.14132E-6 4.1412E-6 + 5.1E-10 0.99997 + 0.00012

Table 5. The analytic and COG flux results for Problem 2B
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Figure 5. The results for Problem 2B as the ratio of the COG flux to analytic
flux

Results for Problem 3 — shield with dog-leg void duct

X,Y,Z Analytic COG COG/Analytic

5,5,5 5.95659E+0 5.9524E+0 £+ 8.93E-3 0.99930 £ 0.00150
5,15,5 1.37185E+0 1.3720E+0 + 2.24E-4 1.00011 + 0.00016
5,25,5 5.00871E-1 5.0093E-1 + 5.11E-5 1.00012 £ 0.00010
5,35,5 2.52429E-1 2.5246E-1 + 2.21E-5 1.00012 + 0.00009
5,45,5 1.50260E-1 1.5028E-1 + 1.21E-5 1.00013 + 0.00008
5,55,5 9.91726E-2 9.9185E-2 + 7.51E-6 1.00013 + 0.00008
5,65,5 4.22623E-2 4.2267E-2 £ 3.06E-6 1.00011 £ 0.00007
5,75,5 1.14703E-2 1.1472E-2 + 8.05E-7 1.00015 £ 0.00007
5,85,5 3.24662E-3 3.2470E-3 + 2.22E-7 1.00012 + 0.00007
5,95,5 9.48324E-4 9.4844E-4 + 6.36E-8 1.00012 £ 0.00007

Table 6. The analytic, and COG flux results for Problem 3A



1.001

Problem 3A (x =z =5) —— COG
i I
PR 0% OO VA SO SR S S - S 5
x
=
U
-
© 0.999 [~
w
x
=
(T
0.998 |-
0997 il L 1 l il 1 L l il L L l i 1 L I il L L
0 20 40 60 80 100
y (cm)

Figure 6. The results for Problem 3A as the ratio of the COG flux to analytic
flux

X,Y,Z Analytic COG COG/Analytic
5,55,5 9.91726E-2 9.9172E-2 £ 7.51E-6 0.99999 + 0.00008
15,55,5 2.45041E-2 2.4503E-2 + 2.82E-6 0.99996 + 0.00012
25,55,5 4.54477E-3 4.5445E-3 + 5.45E-7 0.99994 + 0.00012
35,55,5 1.42960E-3 1.4295E-3 + 1.60E-7 0.99993 + 0.00011
45,55,5 2.64846E-4 2.6483E-4 + 2.70E-8 0.99994 + 0.00010
55,55,5 9.14210E-5 9.1418E-5 + 8.40E-9 0.99997 + 0.00009

Table 7. The analytic and COG flux results for Problem 3B
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Figure 7. The results for Problem 3B as the ratio of the COG flux to analytic
flux

X,Y,Z Analytic COG COG/Analytic
5,95,35 3.27058E-5 3.2701E-5 + 4.68E-9 0.99985 + 0.00014
15,95,35 2.68415E-5 2.6837E-5 + 4.00E-9 0.99983 + 0.00015
25,95,35 1.70019E-5 1.6999E-5 + 2.70E-9 0.99983 £ 0.00016
35,95,35 3.37981E-5 3.3791E-5 £ 4.97E-9 0.99979 £ 0.00015
45,95,35 6.04893E-6 6.0480E-6 + 8.2E-10 0.99985 + 0.00014
55,95,35 3.36460E-6 3.3642E-6 £ 3.0E-10 0.99988 = 0.00009

Table 8. The analytic, and COG flux results for Problem 3C
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Figure 8. The results for Problem 3C as the ratio of the COG flux to analytic
flux

Conclusions

The COG results are in excellent agreement with Kobayashi’s analytic
results.

2) The Back-and-forth Approximation

As described by Shmakov [5] the back-and-forth approximation is a simple
neutron transport model that leads to analytic solutions for fissile systems in
1D geometries. The assumptions are threefold: 1) one group cross sections;
2) 1D geometries - planar, cylindrical, or spherical; and 3) neutron s are
allowed to move only in back and forth directions, i.e. normal to the plane,
cylinder, or sphere.



Results

A one-group cross section set for *°U as described in Table 1 of reference
[5] was developed for the Monte Carlo code COG.
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COG calculations are compared to Shmakov’s analytic results.

2.5
L A
20 I Shmakov - eq. 2.11
i o COG
15 -
=
Q
X
10 |-
0.5 i Shmakov Fig. 5
- Uniform Sphere
10
Oo i 1 l il l i 1 l L l i 1 1 l i 1 1 l i 1 1 l i 1 1 l i 1 1
0 1 2 3 4 5 6 7 8

Rho*R (1/cm2)

Figure 9. COG results for k., versus radius, p*R, for a uniform sphere,
compared with the analytic results of Shmakov, eq. 2.11
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Figure 10. COG results for A versus radius, p*R, for a uniform sphere,
compared with the analytic results of Shmakov, eq. 7.8

Note: Shmakov’s A is equivalent to COG’s /10, where a is given in
generations/usec.
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Figure 11. COG results for k., versus radius, p*(r, — R), for a hollow sphere,
compared with the analytic results of Shmakov, eq. 3.13

Analytic COG COG/Analytic
Leakage 1.3234298 1.32335 + 0.00009 0.99994 = 0.00007
Scattered 5.9850792 5.98491 + 0.00019 0.99996 = 0.00003
Fissioned 1.1563136 1.15637 £+ 0.00007 1.00005 £ 0.00006
Absorbed 0.1202566 0.12025 + 0.00003 0.99995 + 0.00025
Collided 7.2616495 7.26153 £+ 0.00022 0.99998 + 0.00003

Vf 2.6 2.60002 1.00001
Kefr 1.1563136 1.15637 + 0.00007 1.00005 = 0.00006

Table 9. Standard COG scores from a kg calculation for a hollow sphere
withry=2cmand R =12 cm

The calculation was made using the above uranium cross section with 3*10’
particle histories. The scores, normalized to one fission event by COG, have



been renormalized to k. to compare with the analytic results given in Table
2 from reference [5].
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Figure 12. The outward flux, U, and the inward flux, S, as a function of
radius in the r, = 2 cm, R = 12 cm hollow uranium sphere, compared with
the analytic results of Shmakov, eqs. 3.11 and 3.12

Conclusions

It is seen the COG Monte Carlo one group cross section results agree
excellently with the analytic results.

3) The infinite cylinder
Thomas et al [6] used the F method to compute the critical radius for a bare

cylinder of infinite length. We use the Monte Carlo code COG to reproduce
these results.



Results

A series of one group cross sections were generated for COG with 2, =
1/cm, isotropic scattering, and ¢ = 1.01,1.02,1.05,1.1,1.2,1.3,1.4,1.5, 1.6,
1.8, and 2.0, where c is the mean number of secondary neutrons per
collision. Then, for each ¢, COG was run in the criticality mode to compute
kefr as a function of radius to determine the critical radius. The results are
shown in Table 10.

C Thomas et al COG Ratio
1.01 13.12551647 13.129000 1.00027
1.02 9.04325484 9.071907 1.00317
1.05 5.41128828 5.406602 0.99913
1.1 3.57739129 3.576979 0.99988
1.2 2.28720926 2.287167 0.99998
1.3 1.72500292 1.724991 0.99999
1.4 1.39697859 1.396939 0.99997
1.5 1.17834084 1.178302 0.99997
1.6 1.02083901 1.020835 1.00000
1.8 0.80742662 0.807410 0.99998

2 0.66861286 0.668612 1.00000

Table 10. Compares the critical radius versus ¢

The flux versus radius was determined for ¢ = 1.05 and 2, the results are
shown in Tables 11 and 12.

r/R Thomas et al COG Ratio

0 1.000000 1.00450 £ 0.01552 1.00450 + 0.01552
0.25 0.929851 0.93038 + 0.00049 1.00060 £ 0.00053
0.5 0.733990 0.73366 = 0.00031 0.99955 £ 0.00042
0.75 0.452168 0.45185 £ 0.00018 0.99929 £ 0.00039
0.85 0.326662 0.32666 = 0.00015 1.00000 £ 0.00045
0.91 0.249166 0.24913 £ 0.00012 0.99987 £ 0.00047
0.95 0.195805 0.19581 + 0.00010 1.00000 £ 0.00050
0.98 0.153085 0.15315 + 0.00009 1.00040 + 0.00056

1 0.117908 0.11800 + 0.00005 1.00070 £ 0.00042

Table 11. Compares the flux versus radius with ¢ = 1.05



r/R
0
0.25
0.5
0.75
0.85
0.91
0.95
0.98
1

Thomas et al
1.000000
0.959783
0.842634
0.656963
0.564397
0.502561
0.457217
0.418991
0.386649

COG
0.98526 + 0.03887
0.96013 + 0.00046
0.84248 + 0.00029
0.65718 + 0.00019
0.56425 + 0.00015
0.50261 £ 0.00013
0.45700 + 0.00011
0.41896 + 0.00009
0.38672 = 0.00005

Ratio
0.98526 + 0.03887
1.00036 + 0.00048
0.99981 + 0.00034
1.00033 £+ 0.00029
0.99974 + 0.00027
1.00009 + 0.00026
0.99953 + 0.00024
0.99993 + 0.00022
1.00017 £+ 0.00014

Table 12. Compares the flux versus radius with ¢ =2

Conclusions

Again the COG Monte Carlo results are in excellent agreement with the

analytic results.
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